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Abstract
Previous attempts to determine the worldsheet origin of the pure spinor formalism were
not completely successful, but introduced important concepts that seem to be connected to
its fundamental structure, e.g., emergent supersymmetry and the role of reparametrization
symmetry.
In this work, a new proposal towards the underlying gauge theory of the pure spinor su-
perstring is presented, based on an extension of Berkovits’ twistor-like constraint. The gauge
algebra is analyzed in detail and worldsheet reparametrization is shown to be a redundant
symmetry. The master action is built with a careful account of the intrinsic gauge symmetries
associated with the pure spinor constraint and a consistent gauge fixing is performed. After
a field redefinition, spacetime supersymmetry emerges and the resulting action describes the
pure spinor superstring.
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1 Overview
The pure spinor formalism of the superstring was introduced by Berkovits almost two decades ago
[1]. Since then, it has been studied and explored in many different aspects, taking advantage of
its symmetry preserving character and bosonic string-like amplitude prescription. These aspects
range from the impressive 3-loop computation of scattering amplitudes of [2] or the recentN -point
1-loop results of [3], to the investigation of the quantization of the superstring in the AdS5 × S5
background (see [4] for a review and references therein) or to the analysis of supersymmetry
breaking effects in the superstring [5].
There is abundant evidence that the pure spinor superstring is related to the spinning string
[6, 7] and to the Green-Schwarz superstring [8, 9]. Scattering amplitudes computed in the pure
spinor superstring were shown to be equivalent to the spinning string amplitudes up to two loops
[10]. Furthermore, it has been shown in [11] that the pure spinor cohomology in the light-cone
gauge describes the usual physical spectrum of the superstring. Later on this equivalence was
explored in [12] and more recently in [13], where a combination of field redefinitions and similarity
transformations helped to identify the Green-Schwarz and the pure spinor superstrings. In [14],
the DDF-like structure of the pure spinor cohomology was finally made explicit. From another
perspective, superembedding techniques (see [15] for a review and references therein) seem to
provide a fertile ground for exploring the classical equivalence between the different superstring
formalisms (e.g. [16, 17]). The superembedding origin of the pure spinor description of the
heterotic superstring was demonstrated in [18].
However, the pure spinor formalism lacks a fundamental worldsheet description, meaning (1)
a two-dimensional reparametrization invariant gauge theory which upon quantization concretely
leads to its characteristic BRST structure and (2) a first principles derivation of the pure spinor
constraint itself. The goal of this work is to present a possible resolution for the point (1), but
still assuming that the pure spinor is a fundamental variable.
The twistor-like constraint
The first step to understand the gauge structure of the pure spinor formalism from a more
fundamental point of view was taken in [19] with the introduction of the twistor-like constraint
Hα ≡ Pm(γmλ)α,
= 0, (1.1)
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where Pm is the canonical conjugate of the target-space coordinate Xm, with m = 0, . . . , 9, γmαβ
denotes the chiral blocks of the Dirac matrices, with α = 1, . . . , 16, and λα is a pure spinor
variable satisfying
(λγmλ) = 0. (1.2)
The novel feature of this approach was that λα appeared as a fundamental variable in the
worldline/worldsheet1 and the superpartners of Xm, denoted by θα, entered the formalism as
ghost fields associated to the gauge symmetry generated by (1.1). In this model, supersymmetry
is an emergent feature related to a ghost twisting operation on the gauge fixed action. However,
the gauge symmetries related to the pure spinor constraint were not completely considered in
this approach, leading to an incorrect description of the ghost fields.
A new attempt to quantize the twistor-like constraint was made in [20], with a different
mechanism for the emergence of spacetime supersymmetry. The problem of this proposal was
an overconstrained action which ultimately leads to a trivialization of the model.
This flaw was later corrected in [21], where a new gauge theory was proposed to explain the
origin of the pure spinor formalism. Berkovits’ first order action can be cast as
SB =
ˆ
dτdσ{Pm∂τXm +wα∇τλα + wˆαˆ∇ˆτ λˆαˆ +Kα∇σλα + Kˆαˆ∇ˆσλˆαˆ
− 12Lα(γmλ)α(Pm + ∂σXm)− 12 Lˆαˆ(γmλˆ)αˆ(Pm − ∂σXm)}. (1.3)
Here, τ and σ denote the worldsheet coordinates and hatted and unhatted spinors are related to
the usual left and right-moving variables. The Lagrange multipliers {Lα, Lˆαˆ} impose the twistor-
like constraints and {Kα, Kˆαˆ}, as a consequence of the gauge algebra, impose the constraints
∇σλα = ∇ˆσλˆαˆ = 0. The covariant derivatives ∇ and ∇ˆ are composed by gauge fields, A and Aˆ,
associated to local scale symmetries for λα and λˆαˆ, which effectively convert them into projective
pure spinors. Although not explicitly, SB is invariant under worldsheet reparametrization.
One of the fundamental ideas introduced in these works [19, 20, 21] is that worldsheet
reparametrization is a redundant gauge symmetry (in the sense that it can be removed by a
gauge-for-gauge transformation). With this in mind, the action (1.3) is already incomplete as
the absence of a kinetic term for the gauge fields of the scaling symmetry prevents the existence
of a gauge-for-gauge symmetry connecting the twistor-like constraints and reparametrization.
Aside from this fact, the gauge symmetries due to the pure spinor constraint imply a constrained
ghost system associated to the twistor-like constraint, such that the gauge fixed action can-
not be spacetime supersymmetric. Observe that the action (1.3) is invariant under the gauge
transformation
δLα = fλα + fmn(γmnλ)
α, (1.4)
where {f, fmn} are the gauge parameters and γmn = 12(γmγn − γnγm). In the gauge fixing
procedure, this gauge symmetry appears as a constraint on the antighost of the twistor-like
1Twistor-like variables arise naturally using superembedding techniques and the first appearance of pure spinors
in this context was in [17].
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symmetry, πα, given by
(λγmγnπ) = 0. (1.5)
In turn, it implies that only five components of the associated ghost, θα, are physical. Therefore,
the phase space of the action (1.3) should be extended if the twistor-like constraint is to be part
of a spacetime supersymmetric theory.
It is interesting to note, however, that all these features were in some sense convergent,
leading to important concepts that seem to be connected to the gauge structure behind the pure
spinor superstring, in particular the role of worldsheet reparametrization and the emergence of
spacetime supersymmetry from the ghost sector.
The extended action
A simple way to understand the physical meaning of the twistor-like constraint is to look at its
worldline version, as the massless particle can be viewed as the zero length limit of the string.
Consider the constraint equation (1.1), but now with a projective pure spinor. In a Wick-rotated
construction, the SO(10) spinor Hα can be decomposed in terms of U(5) components such that
p¯a + γabpb = 0 (1.6)
correspond to the independent components of Hα = 0. Here, a = 1, . . . , 5 denotes U(5) vector
indices, Pm = {p¯a, pa} and γab = −γba corresponds to the U(5) parametrization of the projective
pure spinor. Equation (1.6) has a clear interpretation as any solution of the massless constraint
PmPm = 0 can be put in this form for a dynamical γab.
The difference between the covariant form (1.1) and (1.6) is basically the scale symmetry
introduced by Berkovits in [21]. Both of them were recently investigated by the author in [22].
In order to obtain the pure spinor superparticle from first principles, Berkovits’ model was then
extended with a constrained anticommuting spinor together with an additional fermionic gauge
symmetry. Now, this idea will be generalized to the worldsheet with the proposal of the action
S0 =
ˆ
dτdσ{Pm∂τXm − 14T (Lγmλ)(Pm + T ∂σXm)− 14T (Lˆγmλˆ)(Pm − T ∂σXm)}
+
ˆ
dτdσ{wiα∇iλα +Bǫij∂iAj + piα∂iξα + χiλαpiα − Σǫij∇iχj}
+
ˆ
dτdσ{wˆiαˆ∇ˆiλˆαˆ + Bˆǫij∂iAˆj + pˆiαˆ∂iξˆαˆ + χˆiλˆαˆpˆiαˆ − Σˆǫij∇ˆiχˆj}. (1.7)
Here, {i, j} denote the worldsheet directions τ and σ, and T is the string tension. The spinors
ξα and ξˆαˆ, with conjugates piα and pˆ
i
αˆ, satisfy
(λγmξ) = (λˆγmξˆ) = 0. (1.8)
The motivation for introducing the constrained spinors ξα and ξˆαˆ is that they should suplement
the degrees of freedom from the ghosts of the twistor-like symmetry, combining into the super-
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partners of Xm. The fermionic symmetry in S0 is generated by the current λαpiα, with Lagrange
multiplier χi. The fields B and Σ effectively work as conjugates to the gauge field of the scale
symmetry (Ai) and its fermionic partner (χi), respectively. They can be interpreted as Lagrange
multipliers for a zero curvature condition on the gauge fields, ǫij∂iAj = ǫij∇iχj = 0, with
ǫij = −ǫji (ǫij = −ǫji) and ǫστ = ǫτσ = 1. The hatted variables have an analogous description.
The reparametrization invariant action (1.7) has a rich gauge structure. Its gauge alge-
bra is onshell reducible and reparametrization symmetry can be consistently overlooked in the
quantization process due to the simple form of the gauge-for-gauge symmetries. Still, the Batalin-
Vilkovisky formalism seems to be the most adequate for the quantization of this model, because it
provides a systematic way to analyze the gauge symmetries related to the pure spinor constraints.
The extra fermionic symmetry of the action (1.7) does not have a clear physical interpretation
but it is ultimately related to the emergence of spacetime supersymmetry in the gauge fixed
action, which can be cast as
S =
ˆ
dτdσ{T2 ∂+Xm∂−Xm + wα∂−λα + pα∂−θα + wˆαˆ∂+λˆαˆ + pˆαˆ∂+θˆαˆ}, (1.9)
where ∂± = ∂τ ± ∂σ, corresponding to the usual superstring action in the pure spinor formalism.
In this action, θα and θˆαˆ, the superpartners of the target space coordinate Xm, are composed by
the ghosts associated to the twistor-like symmetry complemented with the constrained spinors
ξα and ξˆαˆ. This composition is only possible due to the existence of the scalar ghosts γ and γˆ
associated to the new fermionic symmetry in (1.7). They are assumed to be everywhere non-
vanishing in the worldsheet, effectively acting as ghost number twisting operators and turning
all the spacetime spinors neutral under scale transformations. This is the mechanism behind the
conversion of the pure spinors λα and λˆαˆ into ghost variables.
Plan of the paper
Section 2 presents in detail a first principles derivation of the pure spinor superstring. Subsection
2.1 quickly reviews the first order formulation of the Polyakov action and subsection 2.2 describes
the connection between the twistor-like constraints and worldsheet reparametrization, motivating
Berkovits’ model [21]. In subsection 2.3, the action (1.7) is introduced with a thorough analysis
of its gauge and gauge-for-gauge symmetries. Subsection 2.4 describes the construction of the
pure spinor master action, while subsection 2.5 presents its gauge fixing. Subsection 2.6 closes
the section with the description of the emergence of spacetime supersymmetry leading to the
pure spinor superstring. Section 3 contains some concluding remarks and possible directions to
follow.
Throughout this work, special attention has been devoted to displaying auxiliary equations
in the intermediate steps, so most computations can be promptly reproduced. The appendices
consist of several complements and by-products of the main text. Appendix A shows how the
partial gauge fixing of the pure spinor symmetries leads to the unconstrained spinor θα, the
superpartner of the target space coordinates Xm. Appendix B presents some properties of
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the U(1)R × U(1)L sector constituted by the ghost fields related to the scaling and fermionic
symmetries, respectively with parameters {Ω, Ωˆ} and {γ, γˆ}. Appendix C describes a non-
minimal pure spinor superstring with fundamental (b, c) ghosts, as suggested in [20]. Finally,
appendix D presents the sectorized and the ambitwistor string in the pure spinor formalism as
coming from a singular gauge fixing of the action (1.7).
2 The pure spinor superstring
In this section, the connection between worldsheet reparametrization and the twistor-like con-
straint will be investigated, with a concrete proposal for the underlying gauge theory of the pure
spinor superstring.
2.1 Review of the Polyakov action in the first order formalism
The Polyakov action is given by
SP =
T
2
ˆ
d2σ
√−g{gij∂iXm∂jXm}, (2.1)
where T is the string tension, gij is the worldsheet metric (with inverse gij) and g = det(gij).
When expanded in components (i = τ, σ), with τ denoting the worldsheet time and σ parametriz-
ing the string length, SP is rewritten as
SP =
T
2
ˆ
dτdσ
√−g{gττ∂τXm∂τXm + 2gτσ∂τXm∂σXm + gσσ∂σXm∂σXm}. (2.2)
The canonical conjugate of the target-space coordinate Xm is easily determined to be
Pm ≡ δS
δ∂τXm
,
= T √−g{gττ∂τXm + gτσ∂σXm}, (2.3)
leading to the Hamiltonian
H ≡ Pm∂τXm − T2
√−ggij∂iXm∂jXm,
=
1
2T gττ√−g (PmP
m + T 2∂σXm∂σXm)− g
τσ
gττ
Pm∂σX
m. (2.4)
In the first order formulation, the Polyakov action takes the form
S˜P =
ˆ
dτdσ{Pm∂τXm − 1
2T gττ√−g (PmP
m + T 2∂σXm∂σXm) + g
τσ
gττ
Pm∂σX
m}, (2.5)
which is equivalent onshell to SP , cf. equation (2.3). Observe that the only dependence on the
worldsheet metric appears now in the form of Lagrange multipliers. In fact, by defining the Weyl
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invariant operators
e± ≡ 1
gττ
√−g ∓
gτσ
gττ
, (2.6)
the action S˜P is more symmetrically rewritten as
S˜P =
ˆ
dτdσ
{
Pm∂τX
m − 14T e+(Pm + T ∂σXm)(Pm + T ∂σXm)
− 14T e−(Pm − T ∂σXm)(Pm − T ∂σXm)
}
. (2.7)
The equations of motion for Pm, Xm and e± are respectively given by
∂τX
m − 12T [e+(Pm + T ∂σXm) + e−(Pm − T ∂σXm)] = 0 (2.8a)
∂τPm − 12∂σ[e+(Pm + T ∂σXm)− e−(Pm − T ∂σXm)] = 0, (2.8b)
(Pm ± T ∂σXm)(Pm ± T ∂σXm) = 0, (2.8c)
and the action (2.7) is invariant under the gauge transformations
δXm = ci∂iX
m − 12T a+(Pm + T ∂σXm)− 12T a−(Pm − T ∂σXm), (2.9a)
δPm = ∂i(c
iPm)− Pm∂τcτ + 12∂σcτ [(Pm + T ∂σXm)e+ − (Pm − T ∂σXm)e−]
−12∂σ[a+(Pm + T ∂σXm)− a−(Pm − T ∂σXm)], (2.9b)
δe+ = ∂i(c
ie+)− 2(∂σcσ)e+ + ∂τ cσ − e2+∂σcτ − ∂τa+ − a+∂σe+ + e+∂σa+, (2.9c)
δe− = ∂i(c
ie−)− 2(∂σcσ)e− − ∂τ cσ + e2−∂σcτ − ∂τa− + a−∂σe− − e−∂σa−. (2.9d)
In addition to worldsheet reparametrization symmetry, with parameter ci, the action S˜P is also
invariant under the gauge transformations parametrized by a±. However, these gauge symmetries
are not irreducible. To see this, consider the gauge-for-gauge transformations
δ
′
ci = φi, (2.10a)
δ
′
a± = φτe± ± φσ, (2.10b)
with parameter φi. It is then straightforward to show that the gauge transformations (2.9) are
invariant up to equations of motion:
δ
′
[δXm] = φτ
{
∂τX
m − 12T [e+(Pm + T ∂σXm) + e−(Pm − T ∂σXm)]
}
, (2.11a)
δ
′
[δPm] = φ
τ
{
∂τPm − 12∂σ[e+(Pm + T ∂σXm)− e−(Pm − T ∂σXm)]
}
, (2.11b)
δ
′
[δe+] = 0, (2.11c)
δ
′
[δe−] = 0. (2.11d)
Therefore, worldsheet reparametrization is equivalent to the symmetries generated by
H± ≡ (Pm ± T ∂σXm)(Pm ± T ∂σXm). (2.12)
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2.2 The twistor-like constraint in the first order formalism
In [21], Berkovits proposed the twistor-like constraints
Hα ≡ (Pm + T ∂σXm)(γmλ)α, (2.13a)
Hˆαˆ ≡ (Pm − T ∂σXm)(γmλˆ)αˆ, (2.13b)
as part of the fundamental gauge algebra behind the pure spinor superstring, where λα and λˆαˆ
are bosonic spinors satisfying the pure spinor condition
(λγmλ) = 0, (2.14a)
(λˆγmλˆ) = 0. (2.14b)
The key idea here is that H± in (2.12) can be rewritten as
H+ = (Pm + T ∂σXm)(Λγ
m)α
(Λλ)
Hα, (2.15a)
H− = (Pm − T ∂σXm)(γ
mΛˆ)αˆ
(Λˆλˆ)
Hˆαˆ, (2.15b)
for any constant Λα and Λˆαˆ with non-vanishing (Λλ) and (Λˆλˆ).
The first order Polyakov’s action (2.7) can be covariantly modified with the introduction of
the twistor-like constraints (2.13). In order to do that, λα and λˆαˆ have to be made dynamical.
In addition, Berkovits proposed in [21] the use of projective pure spinors which can be achieved
by endowing λα and λˆαˆ with a scaling symmetry. The resulting action is
S
′
B =
ˆ
dτdσ{Pm∂τXm +wiα∂iλα + wˆiαˆ∂iλˆαˆ +Aiλαwiα + Aˆiλˆαˆwˆiαˆ}
− 14T
ˆ
dτdσ
{
(Lγmλ)(P
m + T ∂σXm) + e+(Pm + T ∂σXm)(Pm + T ∂σXm)
+ (Lˆγmλˆ)(P
m − T ∂σXm) + e−(Pm − T ∂σXm)(Pm − T ∂σXm)
}
, (2.16)
where {Lα, Lˆαˆ} are the Lagrange multipliers for the constraints (2.13) and {Ai, Aˆi} are the gauge
fields for the scaling symmetry generated by λαwiα and λˆ
αˆwˆiαˆ. Due to the identification (2.15),
a field shift in Lα and Lˆαˆ can absorb e+ and e−, leading to Berkovits’ action,
SB =
ˆ
dτdσ{Pm∂τXm + wiα∇iλα + wˆiαˆ∇ˆiλˆαˆ}
− 14T
ˆ
dτdσ{(Lγmλ)(Pm + T ∂σXm) + (Lˆγmλˆ)(Pm − T ∂σXm)}. (2.17)
The gauge fields {Ai, Aˆi} now appear through the covariant derivatives {∇i, ∇ˆi}. Observe also
that all the dependence on the worldsheet metric is concentrated in the Lagrange multipliers
{Lα, Lˆαˆ} and this has to be taken into account during the gauge fixing process.
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2.3 A new model with constrained anticommuting spinors
Based on the worldline results of [22], it is straightforward to generalize the action (2.17) to
S0 =
ˆ
dτdσ{Pm∂τXm + wiα∇iλα + wˆiαˆ∇ˆiλˆαˆ}
− 14T
ˆ
dτdσ{(Lγmλ)(Pm + T ∂σXm) + (Lˆγmλˆ)(Pm − T ∂σXm)}
+
ˆ
dτdσ{piα∂iξα +Bǫij∂iAj + pˆiαˆ∂iξˆαˆ + Bˆǫij∂iAˆj}
+
ˆ
dτdσ{χiλαpiα − Σǫij∇iχj + χˆiλˆαˆpˆiαˆ − Σˆǫij∇ˆiχˆj}. (2.18)
There are two guiding principles that led to the proposed action S0, (1) the extension of the
phase space with the inclusion of constrained anticommuting spinors, ξα and ξˆαˆ, satisfying
(λγmξ) = 0, (2.19a)
(λˆγmξˆ) = 0, (2.19b)
together with two fermionic symmetries generated by λαpiα and λˆ
αˆpˆiαˆ; and (2) the introduction
of zero curvature conditions on the gauge fields {Ai, χi, Aˆi, χˆi} through the Lagrange multipliers
{B,Σ, Bˆ, Σˆ}, which enables the extension of the gauge algebra of the model with the inclu-
sion of gauge-for-gauge symmetries connecting worldsheet reparametrization and the twistor-like
symmetries.
The equations of motion obtained from the action (2.18) can be summarized as
∂τX
m − 14T (Lγmλ)− 14T (Lˆγmλˆ) = 0, (2.20a)
∂τPm − 14∂σ(Lγmλ) + 14∂σ(Lˆγmλˆ) = 0, (2.20b)
∇iλα = 0, (2.20c)
∇iwiα + 14T (Pm + T ∂σXm)(γmL)α − χipiα = 0, (2.20d)
λαwiα + ǫ
ij(Σχj + ∂jB) = 0, (2.20e)
∂iξ
α − χiλα = 0, (2.20f)
∂ip
i
α = 0, (2.20g)
ǫij∂iAj = 0, (2.20h)
(Pm + T ∂σXm)(γmλ)α = 0, (2.20i)
λαpiα + ǫ
ij∇jΣ = 0, (2.20j)
ǫij∇iχj = 0, (2.20k)
∇ˆiλˆαˆ = 0, (2.20l)
∇ˆiwˆiαˆ + 14T (Pm − T ∂σXm)(γmLˆ)αˆ − χˆipˆiαˆ = 0, (2.20m)
λˆαˆwˆiαˆ + ǫ
ij(Σˆχˆj + ∂jBˆ) = 0, (2.20n)
∂iξˆ
αˆ − χˆiλˆαˆ = 0, (2.20o)
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∂ipˆ
i
αˆ = 0, (2.20p)
ǫij∂iAˆj = 0, (2.20q)
(Pm − T ∂σXm)(γmλˆ)α = 0, (2.20r)
λˆαˆpˆiαˆ + ǫ
ij∇ˆjΣˆ = 0, (2.20s)
ǫij∇ˆiχˆj = 0. (2.20t)
Due to the constraints (2.14) and (2.19), the action S0 is invariant under
δwiα = d
i
m(γ
mλ)α + e
i
m(γ
mξ)α, δwˆ
i
αˆ = dˆ
i
m(γ
mλˆ)αˆ + eˆ
i
m(γ
mξˆ)αˆ,
δpiα = e
i
m(γ
mλ)α, δpˆ
i
αˆ = eˆ
i
m(γ
mλˆ)αˆ,
δLα = fλα + fmn(γ
mnλ)α + gξα, δLˆαˆ = fˆ λˆαˆ + fˆmn(γ
mnλˆ)αˆ + gˆξαˆ,
(2.21)
where dm, em, f , fmn, g (hatted and unhatted) are local parameters. These gauge transforma-
tions have a special role in the formalism and will be called pure spinor symmetries. The other
gauge symmetries of the model can be summarized by:
1. Worldsheet reparametrization, with parameter ci = {cτ , cσ}. Although the transformations
of Pm, Lα and Lˆαˆ are nontrivial,
δPm = ∂σ(c
σPm) + c
τ∂τPm +
1
4(L+γmλ)(∂σc
τ )− 14(Lˆ−γmλˆ)(∂σcτ ),
δLα = cσ∂σL
α + ∂τ (c
τLα) + ∂τ c
σ(Pm + T ∂σXm) (γmΛ)
α
(Λλ) ,
δLˆαˆ = cσ∂σLˆ
αˆ + ∂τ (c
τ Lˆαˆ)− ∂τ cσ(Pm − T ∂σXm) (γmΛˆ)
αˆ
(Λˆλˆ)
,
(2.22)
all the other fields transform covariantly either as worldsheet scalars (e.g. δXm = ci∂iXm),
vector densities (e.g. δwiα = ∂j(c
jwiα)−wjα∂jci,) or 1-forms (e.g. δAi = cj∂jAi +Aj∂icj).
2. Particle-like Hamiltonian symmetry, with parameter a±. This symmetry is analogous to
(2.9) and the transformations can be cast as
δXm = a+(Pm + T ∂σXm) + a−(Pm − T ∂σXm),
δPm = T ∂σ[a+(Pm + T ∂σXm)]− T ∂σ[a−(Pm − T ∂σXm)],
δLα = 2T a+∇σLα + 2T ∂τa+(Pm + T ∂σXm) (γmΛ)
α
(Λλ) ,
δwσα = −12a+(Pm + T ∂σXm)(γmL)α,
δLˆαˆ = −2T a−∇ˆσLˆαˆ + 2T ∂τa−(Pm − T ∂σXm) (γ
mΛˆ)αˆ
(λˆΛˆ)
,
δwˆσαˆ =
1
2a
−(Pm − T ∂σXm)(γmLˆ)αˆ.
(2.23)
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3. Scaling symmetry, with parameters {Ω, Ωˆ}. The transformations are
δλα = Ωλα, δλˆαˆ = Ωˆλˆαˆ,
δwiα = −Ωwiα, δwˆiαˆ = −Ωwˆiαˆ,
δAi = −∂iΩ, δAˆi = −∂iΩˆ,
δLα = −ΩLα, δLˆαˆ = −ΩˆLˆαˆ,
δχi = −Ωχi, δχˆi = −Ωˆχˆi,
δΣ = ΩΣ, δΣˆ = ΩˆΣˆ.
(2.24)
4. Fermionic gauge symmetry, with gauge fields χi and χˆi and parameters γ and γˆ, respec-
tively. The action S0 is invariant under the transformations
δwiα = γp
i
α, δwˆ
i
αˆ = γˆpˆ
i
αˆ,
δB = γΣ, δBˆ = γˆΣˆ,
δξα = γλα, δξˆαˆ = γˆλˆαˆ,
δχi = ∇iγ, δχi = ∇ˆiγˆ.
(2.25)
5. Curl symmetry, with parameters {sα, ǫα, sˆαˆ, ǫˆαˆ}. By construction, the reparametrization
invariant form of the kinetic terms of the spinors in (2.18) imply the existence of gauge
transformations given by
δwiα = ǫ
ij(∇jsα + ǫαχj), δwˆiαˆ = ǫij(∇ˆj sˆαˆ + ǫˆαˆχˆj),
δB = −λαsα, δBˆ = −λˆαˆsˆαˆ,
δpiα = ǫ
ij∂jǫα, δpˆαˆ = ǫ
ij∂j ǫˆαˆ,
δΣ = −λαǫα, δΣˆ = −λˆαˆǫˆαˆ.
(2.26)
6. Twistor-like symmetry, with parameters θα and θˆαˆ and gauge transformations
δXm = 14T
[
(λγmθ) + (λˆγmθˆ)
]
, δwiα = −δiτ 14T (Pm + T ∂σXm)(θγm)α
δPm =
1
4∇σ
[
(λγmθ)− (λˆγmθˆ)], +δiσ 18T (Lγmλ)(θγm)α,
δLα = ∇τθα, δwˆiαˆ = −δiτ 14T (Pm − T ∂σXm)(θˆγm)αˆ
δLˆαˆ = ∇ˆτ θˆαˆ, −δiσ 18T (Lˆγmλˆ)(θˆγm)αˆ.
(2.27)
To complete the analysis of the gauge structure of S0, consider the gauge-for-gauge transfor-
11
mations with parameters φi and ϕ±:
δ
′
ci = φi, δ
′
Ω = φiAi,
δ
′
a± = ϕ± ∓ φσ, δ′Ωˆ = φiAˆi,
δ
′
sα = ǫijφ
jwiα, δ
′
ǫα = ǫijφ
jpiα,
δ
′
sˆαˆ = ǫijφ
jwˆiαˆ, δ
′
ǫˆαˆ = ǫijφ
j pˆiαˆ,
δ
′
γ = −φiχi, δ′θα = −φτLα − ϕ+(Pm + T ∂σXm) (γ
mΛ)α
(Λλ) ,
δ
′
γˆ = −φiχˆi, δ′ θˆαˆ = −φτ Lˆαˆ − ϕ−(Pm − T ∂σXm) (γ
mΛˆ)αˆ
(λˆΛˆ)
.
(2.28)
Up to equations of motion and pure spinor symmetries, cf. equations (2.20) and (2.21), the
gauge transformations listed above are left invariant by (2.28):
δ
′
[δXm] = φτ
{
∂τX
m − 14T (λγmL)− 14T (λˆγmLˆ)
}
+ 14T ϕ
+
{
(Pn + T ∂σXn)(γnλ)α
} (γmΛ)α
(Λλ)
+ 14T ϕ
−
{
(Pn − T ∂σXn)(γnλˆ)αˆ
} (γmΛˆ)α
(Λˆλˆ)
, (2.29a)
δ
′
[δPm] = φ
τ
{
∂τPm − 14∂σ(λγmL) + 14∂σ(λˆγmLˆ)
}
+14∇σ
[
ϕ+
{
(Pn + T ∂σXn)(γnλ)α
} (γmΛ)α
(Λλ)
]
−14∇ˆσ
[
ϕ−
{
(Pn − T ∂σXn)(γnλˆ)αˆ
} (γmΛˆ)αˆ
(Λˆλˆ)
]
, (2.29b)
δ
′
[δλα] = φi{∇iλα}, (2.29c)
δ
′
[δwiα] = φ
i
{∇jwjα + 14T (Pm + T ∂σXm)(γmL)α − χjpjα}
+ 116T δ
i
σφ
τ (LγmL)(γ
mλ)α +
1
8T δ
i
σϕ
+(Pn + T ∂σXn)(LγmγnΛ) (γ
mλ)α
(Λλ)
+ 14T δ
i
τϕ
+
{
(Pm + T ∂σXm)(Pm + T ∂σXm)
}
Λα
(Λλ) ,
− 18T δiσϕ+
{
(Pn + T ∂σXn)(γnλ)β
}
(γmL)α
(γmΛ)β
(Λλ) , (2.29d)
δ
′
[δAi] = φ
j{∂jAi − ∂iAj}, (2.29e)
δ
′
[δB] = φkǫki{λαwiα + ǫij(Σχj + ∂jB)}, (2.29f)
δ
′
[δLα] = ϕ+(Pm + T ∂σXm){∇τλβ}Λβ (γ
mΛ)α
(Λλ)2
− 12ϕ+(Lγm)β{∇σλβ} (γ
mΛ)α
(Λλ)
−ϕ+
{
∂τPm − 14∂σ(Lγmλ) + 14∂σ(Lˆγmλˆ)
}
(γmΛ)α
(Λλ)
−T ϕ+∂σ
{
∂τXm − 14T (Lγmλ)− 14T (Lˆγmλˆ)
}
(γmΛ)α
(Λλ)
−18ϕ+(Λγmn∇σL) (γ
mnλ)α
(Λλ) − 14ϕ+(Λ∇σL) λ
α
(Λλ) , (2.29g)
δ
′
[δξα] = φi{∂iξα − χiλα}, (2.29h)
δ
′
[δpiα] = φ
i{∂jpjα}, (2.29i)
δ
′
[δχi] = φ
j{∇jχi −∇iχj}, (2.29j)
δ
′
[δΣ] = φkǫkj{λαpiα + ǫij∇jΣ}. (2.29k)
Similar equations hold for the hatted sector. This confirms that worldsheet reparametrization is a
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redundant symmetry of the action, since the parameters φi and ϕ± can be used to set ci = a± = 0.
Furthermore, their gauge-for-gauge transformations in (2.28) involve only simple field shifts, i.e.
no derivatives of the gauge-for-gauge parameters, therefore generating no dynamical ghost-for-
ghosts. Consequently, the gauge symmetries parametrized by ci and a± can be disregarded
in the construction of the master action within the Batalin-Vilkovisky formalism. It will be
demonstrated next that the quantization of the action S0 leads to the pure spinor superstring.
2.4 The pure spinor master action
In order to build the pure spinor master action in the Batalin-Vilkovisky formalism, the gauge
parameters discussed above will be promoted to dynamical variables. The field content of the
model will be collectively denoted by ΦI , with the index I running over the set
ΦI = {Xm, Pm, wiα, λα, Lα, Ai, B, piα, ξα, χi,Σ,Ω, θα, sα, ǫα, γ,
wˆiαˆ, λˆ
αˆ, Lˆαˆ, Aˆi, Bˆ, pˆ
i
αˆ, ξˆ
αˆ, χˆi, Σˆ, Ωˆ, θˆ
αˆ, sˆαˆ, ǫˆαˆ, γˆ}. (2.30)
As usual, ghost fields and the correspondent gauge parameters have opposite statistics, therefore
{Ω, Ωˆ, θα, θˆαˆ, sα, sˆαˆ} are Grassmann odd while {ǫα, ǫˆαˆ, γ, γˆ} are Grassmann even fields. Following
the discussion at the end of the previous subsection, the gauge parameters ci and a±, and the
gauge-for-gauge parameters φi and ϕ± will be ignored.
For every field ΦI there is an antifield Φ∗I associated, with opposite statistics, and the antifield
set is given by
Φ∗I = {X∗m, Pm∗ , wαi∗, λ∗α, L∗α, Ai∗, B∗, pαi∗, ξ∗α, χi∗,Σ∗,Ω∗, θ∗α, sα∗ , ǫα∗ , γ∗,
wˆαˆi∗, λˆ
∗
αˆ, Lˆ
∗
αˆ, Aˆ
i
∗, Bˆ
∗, pˆαˆi∗, ξˆ
∗
αˆ, χˆ
i
∗, Σˆ
∗, Ωˆ∗, θˆ∗αˆ, sˆ
αˆ
∗ , ǫˆ
αˆ
∗ , γˆ
∗}. (2.31)
By definition, fields and antifields are conjugate to each other, satisfying the antibracket
relation
{Φ∗I ,ΦJ} = δJI . (2.32)
In general, the antibrackets between two operators O1 and O2 are defined as
{O1,O2} ≡
∑
I
{
O1
( ←−
∂
∂Φ∗I
∂
∂ΦI
−
←−
∂
∂ΦI
∂
∂Φ∗I
)
O2
}
, (2.33)
from which equation (2.32) follows. However, as consequence of the constraints (2.14) and (2.19),
not all the components of ΦI and Φ∗I are independent. In fact, the pure spinor constraints are
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generalized to
(λγmλ) = 0, (λγmpi∗) + (ξγ
mwi∗) = 0,
(λγmξ) = 0, λαθ∗α + w
α
τ∗L
∗
α = 0,
(λγmwi∗) = 0, ξ
αθ∗α + p
α
τ∗L
∗
α = 0,
λαL∗α = 0, (λγ
mnθ∗) + (wτ∗γ
mnL∗) = 0,
(λγmnL∗) = 0, (λγms∗)− 12ǫij(wi∗γmwj∗) = 0,
ξαL∗α = 0, (λγ
mǫ∗) + (ξγ
ms∗)− ǫij(pi∗γmwj∗) = 0,
(2.34)
and analogous constraints on the hatted sector, and the antibracket (2.32) cannot be naively
computed. For example,
{λ∗α, (λγmλ)} = 2(γmλ)α, (2.35)
which is not compatible with the constraint (λγmλ) = 0. This contradiction arises because
there is an intrinsic gauge freedom implied by the constraints (2.34), which only have vanishing
antibrackets with operators invariant under the pure spinor gauge transformations given by
δλ∗α = bm(γ
mλ)α + cm(γ
mξ)α − dim(γmwi∗)α − eim(γmpi∗)α − fL∗α
+fmn(γ
mnL∗)α − f¯θ∗α + f¯mn(γmnθ∗)α − hm(γms∗)α − h¯m(γmǫ∗)α, (2.36a)
δξ∗α = cm(γ
mλ)α + e
i
m(γ
mwi∗)α + gL
∗
α − g¯θ∗α − h¯m(γms∗)α, (2.36b)
δwiα = d
i
m(γ
mλ)α + e
i
m(γ
mξ)α − δiτ f¯L∗α + δiτ f¯mn(γmnL∗)α + ǫijhm(γmwj∗)α
+ǫij h¯m(γ
mpj∗)α, (2.36c)
δpiα = e
i
m(γ
mλ)α + δ
i
τ g¯L
∗
α − ǫijh¯m(γmwj∗)α, (2.36d)
δLα = fλα + fmn(γ
mnλ)α + gξα + f¯wατ∗ + f¯mn(γ
mnwτ∗)
α + g¯pατ∗, (2.36e)
δθα = f¯λα + f¯mn(γ
mnλ)α + g¯ξα, (2.36f)
δsα = hm(γ
mλ)α + h¯m(γ
mξ)α, (2.36g)
δǫα = h¯m(γ
mλ)α, (2.36h)
where bm, cm, dm, em, f , fmn, g, hm, f¯ , f¯mn, g¯ and h¯m are local parameters. Again, similar
transformations exist for the hatted sector.
The pure spinor master action has to be concomitantly determined with the pure spinor
constraints (2.34) and symmetries (2.36). It can be cast as
S = S0 + S1 + S2 + S3, (2.37)
where S0 is displayed in (2.18) and
S1 =
ˆ
dτdσ{ 14T (λγmθ)X∗m − 14(λγmθ)∂σPm∗ − 14T (Pm + T∂σXm)(θγmwτ∗)}
+
ˆ
dτdσ{ 18T (Lγmλ)(θγmwσ∗) + (∇τθα)L∗α + ǫij(∇jsα)wαi∗ − λαsαB∗}
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+ˆ
dτdσ{Ωλαλ∗α − Ωwiαwαi∗ − (∂iΩ)Ai∗ − ΩLαL∗α − Ωχiχi∗ +ΩΣΣ∗}
+
ˆ
dτdσ{γpiαwαi∗ + γΣB∗ + γλαξ∗α + (∇iγ)χi∗}
+
ˆ
dτdσ{ǫijǫαχjwαi∗ + ǫij(∂jǫα)pαi∗ − λαǫαΣ∗}
+
ˆ
dτdσ{ 14T (λˆγmθˆ)X∗m + 14(λˆγmθˆ)∂σPm∗ − 14T (Pm − T ∂σXm)(θˆγmwˆτ∗)}
+
ˆ
dτdσ{− 18T (Lˆγmλˆ)(θˆγmwˆσ∗) + (∇ˆτ θˆαˆ)Lˆ∗αˆ + ǫij(∇ˆj sˆαˆ)wˆαˆi∗ − λˆαˆsˆαˆBˆ∗}
+
ˆ
dτdσ{Ωˆλˆαˆλˆ∗αˆ − Ωˆwˆiαˆwˆαˆi∗ − (∂iΩˆ)Aˆi∗ − ΩˆLˆαˆLˆ∗αˆ − Ωˆχˆiχˆi∗ + ΩˆΣˆΣˆ∗}
+
ˆ
dτdσ{γˆpˆiαˆwˆαˆi∗ + γˆΣˆBˆ∗ + γˆλˆαˆξˆ∗αˆ + (∇ˆiγˆ)χˆi∗}
+
ˆ
dτdσ{ǫij ǫˆαˆχˆjwˆαˆi∗ + ǫij(∂j ǫˆαˆ)pˆαˆi∗ − λˆαˆǫˆαˆΣˆ∗}, (2.38a)
S2 =
ˆ
dτdσ{−Ωθαθ∗α − Ωsαsα∗ − Ωγγ∗ − γǫαsα∗ }
+
ˆ
dτdσ{−Ωˆθˆαˆθˆ∗αˆ − Ωˆsˆαˆsˆαˆ∗ − Ωˆγˆγˆ∗ − γˆǫˆαˆsˆαˆ∗ }, (2.38b)
S3 =
ˆ
dτdσ{ 116T (θγms∗)(λγmθ) + 116T (wτ∗γmθ)(wσ∗γmθ)}
−
ˆ
dτdσ{ 116T (θˆγmsˆ∗)(λˆγmθˆ) + 116T (wˆτ∗γmθˆ)(wˆσ∗γmθˆ)}. (2.38c)
S1 is connected to the gauge transformations of the action S0, while S2 represents the extension
of the gauge algebra to the ghost fields. The last piece, S3, is required in order for S to satisfy
the master equation
{S, S} = 0. (2.39)
By construction, the master action is invariant under the BV transformations defined as
δBVO ≡ {S,O}, (2.40)
for any operator O. Naturally, the BV transformations of the fundamental fields in the action
S0 have a similar structure to their gauge transformations and are given by
δBVX
m = 14T (λγ
mθ) + 14T (λˆγ
mθˆ), (2.41a)
δBVPm =
1
4∇σ(λγmθ)− 14∇ˆσ(λˆγmθˆ), (2.41b)
δBVλ
α = Ωλα, (2.41c)
δBVw
i
α = −Ωwiα + ǫij(∇jsα + ǫαχj) + δiσ 18T [(L+γmλ)− 12(wτ∗γmθ)](γmθ)α
+γpiα − δiτ 14T [Pm + T ∂σXm + 14(wσ∗γmθ)](γmθ)α, (2.41d)
δBVAi = −∂iΩ, (2.41e)
δBVB = γΣ− λαsα, (2.41f)
δBVL
α = ∇τθα − ΩLα, (2.41g)
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δBVξ
α = γλα, (2.41h)
δBVp
i
α = ǫ
ij∂jǫα, (2.41i)
δBVχi = ∇iγ − Ωχi, (2.41j)
δBVΣ = ΩΣ− λαǫα, (2.41k)
δBVλˆ
αˆ = Ωˆλˆαˆ, (2.41l)
δBVwˆ
i
αˆ = −Ωwˆiαˆ + ǫij(∇ˆj sˆα + ǫˆαχˆj)− δiσ 18T [(Lˆγmλˆ)− 12 (wˆτ∗γmθˆ)](γmθˆ)αˆ
+γˆpˆiαˆ − δiτ 14T [Pm − T ∂σXm − 14(wˆσ∗γmθˆ)](γmθˆ)αˆ, (2.41m)
δBVAˆi = −∂iΩˆ, (2.41n)
δBVBˆ = γˆΣˆ− λˆαˆsˆαˆ, (2.41o)
δBVLˆ
αˆ = ∇ˆτ θˆαˆ − ΩˆLˆαˆ, (2.41p)
δBVξˆ
αˆ = γˆλˆαˆ, (2.41q)
δBVpˆ
i
αˆ = ǫ
ij∂j ǫˆαˆ, (2.41r)
δBVχˆi = ∇ˆiγˆ − Ωˆχˆi, (2.41s)
δBVΣˆ = ΩˆΣˆ− λˆαˆǫˆαˆ. (2.41t)
In general, the BV transformations are nilpotent. However, due to the pure spinor constraints
(2.34), the transformations above are nilpotent up to pure spinor gauge transformations. For
example,
δ2
BV
wiα =
1
16T ǫ
ij(θγm∇jθ)(γmλ)α, (2.42a)
δ2
BV
wˆiαˆ = − 116T ǫij(θˆγm∇ˆj θˆ)(γmλˆ)αˆ. (2.42b)
With the promotion of gauge parameters to ghost fields, their BV transformations are non-
trivial and can be cast as
δBVθ
α = −Ωθα, (2.43a)
δBVsα = −Ωsα − γǫα − 116T (λγmθ)(γmθ)α, (2.43b)
δBVΩ = 0, (2.43c)
δBVγ = −Ωγ, (2.43d)
δBVǫα = 0, (2.43e)
δBVθˆ
αˆ = −Ωˆθˆαˆ, (2.43f)
δBVsˆαˆ = −Ωˆsˆαˆ − γˆǫˆαˆ + 116T (λˆγmθˆ)(γmθˆ)αˆ, (2.43g)
δBVΩˆ = 0, (2.43h)
δBVγˆ = −Ωˆγˆ, (2.43i)
δBVǫˆαˆ = 0. (2.43j)
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For completeness, the BV transformations for the antifields are given by
δBVX
∗
m = ∂τPm − 14∂σ[(Lγmλ) + (θγmwτ∗)− (Lˆγmλˆ)− (θˆγmwˆτ∗)], (2.44a)
δBVP
m
∗ = −∂τXm + 14T [(Lγmλ) + (θγmwτ∗) + (Lˆγmλˆ) + (θˆγmwˆτ∗)], (2.44b)
δBVλ
∗
α = ∇iwiα − χipiα + sαB∗ + 14T [Pm + T ∂σXm − 12(θγmwσ∗)](γmL)α
−Ωλ∗α − γξ∗α + ǫαΣ∗ + 14T [ηmnX∗n − T ∂σPm∗ − 14(θγms∗)](γmθ)α, (2.44c)
δBVw
α
i∗ = −∇iλα +Ωwαi∗, (2.44d)
δBVA
i
∗ = −λαwiα − ǫij∂jB − Σǫijχj − ǫijsαwαj∗ + δiτθαL∗α + γχi∗, (2.44e)
δBVB
∗ = −ǫij∂iAj, (2.44f)
δBVL
∗
α =
1
4T [P
m + T ∂σXm − 12(θγmwσ∗)](γmλ)α +ΩL∗α, (2.44g)
δBVξ
∗
α = ∂ip
i
α, (2.44h)
δBVp
α
i∗ = ∂iξ
α − λαχi + γwαi∗, (2.44i)
δBVχ
i
∗ = λ
αpiα + ǫ
ij∇jΣ+ Ωχi∗ − ǫijǫαwαj∗, (2.44j)
δBVΣ
∗ = −ǫij∇iχj − ΩΣ∗ + γB∗, (2.44k)
δBVλˆ
∗
αˆ = ∇ˆiwˆiαˆ − χˆipˆiαˆ + sˆαˆBˆ∗ + 14T [Pm − T ∂σXm + 12(θˆγmwˆσ∗)](γmLˆ)αˆ
−Ωˆλˆ∗αˆ − γˆξˆ∗αˆ + ǫˆαˆΣˆ∗ + 14T [ηmnX∗n + T ∂σPm∗ + 14(θˆγmsˆ∗)](γmθˆ)αˆ, (2.44l)
δBVwˆ
αˆ
i∗ = −∇ˆiλˆαˆ + Ωˆwˆαˆi∗, (2.44m)
δBVAˆ
i
∗ = −λˆαˆwˆiαˆ − ǫij∂jBˆ − Σˆǫijχˆj − ǫij sˆαˆwˆαˆj∗ + δiτ θˆαˆLˆ∗αˆ + γˆχˆi∗, (2.44n)
δBVBˆ
∗ = −ǫij∂iAˆj, (2.44o)
δBVLˆ
∗
αˆ =
1
4T [P
m − T ∂σXm + 12(θˆγmwˆσ∗)](γmλˆ)αˆ + ΩˆLˆ∗αˆ, (2.44p)
δBVξˆ
∗
αˆ = ∂ipˆ
i
αˆ, (2.44q)
δBVpˆ
αˆ
i∗ = ∂iξˆ
αˆ − λˆαˆχˆi + γˆwˆαˆi∗, (2.44r)
δBVχˆ
i
∗ = λˆ
αˆpˆiαˆ + ǫ
ij∇ˆjΣˆ + Ωˆχˆi∗ − ǫij ǫˆαˆwˆαˆj∗, (2.44s)
δBVΣˆ
∗ = −ǫij∇ˆiχˆj − ΩˆΣˆ∗ + γˆBˆ∗, (2.44t)
and for the ghost antifields,
δBVθ
∗
α =
1
4T [η
mnX∗n − T ∂σPm∗ − 14(θγms∗)](γmλ)α +Ωθ∗α −∇τL∗α
+ 18T [(Lγmλ)− 12(wτ∗γmθ)](γmwσ∗)α + 116T (λγmθ)(γms∗)α
− 14T [Pm + T ∂σXm + 14(wσ∗γmθ)](γmwτ∗)α, (2.45a)
δBVs
α
∗ = ǫ
ij∇iwαj∗ − λαB∗ +Ωsα∗ , (2.45b)
δBVΩ
∗ = λαλ∗α − wiαwαi∗ + ∂iAi∗ − LαL∗α − χiχi∗ +ΣΣ∗ − θαθ∗α − sαsα∗ − γγ∗, (2.45c)
δBVγ
∗ = −piαwαi∗ − ΣB∗ − λαξ∗α +∇iχi∗ +Ωγ∗ + ǫαsα∗ , (2.45d)
δBVǫ
α
∗ = ǫ
ijχiw
α
j∗ − ǫij∂ipαj∗ + λαΣ∗ + γsα∗ , (2.45e)
δBVθˆ
∗
αˆ =
1
4T [η
mnX∗n + T ∂σPm∗ + 14(θˆγmsˆ∗)](γmλˆ)αˆ + Ωˆθˆ∗αˆ − ∇ˆτ Lˆ∗αˆ
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− 18T [(Lˆγmλˆ)− 12(wˆτ∗γmθˆ)](γmwˆσ∗)αˆ − 116T (λˆγmθˆ)(γmsˆ∗)αˆ
− 14T [Pm − T ∂σXm − 14(wˆσ∗γmθˆ)](γmwˆτ∗)αˆ, (2.45f)
δBVsˆ
αˆ
∗ = ǫ
ij∇ˆiwˆαˆj∗ − λˆαˆBˆ∗ + Ωˆsˆαˆ∗ , (2.45g)
δBVΩˆ
∗ = λˆαˆλˆ∗αˆ − wˆiαˆwˆαˆi∗ + ∂iAˆi∗ − LˆαˆLˆ∗αˆ − χˆiχˆi∗ + ΣˆΣˆ∗ − θˆαˆθˆ∗αˆ − sˆαˆsˆαˆ∗ − γˆγˆ∗, (2.45h)
δBVγˆ
∗ = −pˆiαˆwˆαˆi∗ − ΣˆBˆ∗ − λˆαˆξˆ∗αˆ + ∇ˆiχˆi∗ + Ωˆγˆ∗ + ǫˆαˆsˆαˆ∗ , (2.45i)
δBVǫˆ
αˆ
∗ = ǫ
ijχˆiwˆ
αˆ
j∗ − ǫij∂ipˆαˆj∗ + λˆαˆΣˆ∗ + γˆsˆαˆ∗ . (2.45j)
2.5 Gauge fixing
The procedure for gauge fixing in the Batalin-Vilkovisky formalism is very straightforward. But
before moving on, it is useful to discuss the particular gauge to be chosen here.
Using the scaling transformations (2.24), it is possible to choose Aτ = Aˆτ = 0. Similarly,
the fermionic gauge transformations (2.25) can be used to partially fix their gauge fields to
χτ = χˆτ = 0.
For the curl symmetry (2.26), the choice will be wσα = p
σ
α = 0 and wˆ
σ
αˆ = pˆ
σ
αˆ = 0. Observe
here that there is no residual gauge transformation, since both fields (wσα, p
σ
α, wˆ
σ
αˆ and pˆ
σ
αˆ) and
ghosts (sα, ǫα, sˆαˆ and ǫˆαˆ) have the same number of independent components according to the
pure spinor constraints (2.34) and gauge transformations (2.36).
Finally, the twistor-like symmetry (2.27) can be used to fix the Lagrange multipliers Lα and
Lˆαˆ. Following the discussion after equation (2.17), the gauge Lα = Lˆαˆ = 0 would imply a
degenerate worldsheet metric. Although worldsheet reparametrization is hidden in the twistor-
like symmetry, the conformal gauge would still be the natural choice. In the Polyakov action
(2.7), this gauge would be e± = 1. For the action S0 in (2.18), the conformal gauge is equivalent
to the choice
Lα = (γ
mΛ)α
(Λλ) (Pm + T ∂σXm), (2.46a)
Lˆαˆ = (γ
mΛˆ)αˆ
(Λˆλˆ)
(Pm − T ∂σXm). (2.46b)
The proposed gauge can be implemented through the gauge fixing fermion Ξ, given by
Ξ =
ˆ
dτdσ{Ω¯Aτ + βχτ − rαwσα + ηαpσα + ˆ¯ΩAˆτ − rˆαˆwˆσαˆ + βˆχˆτ + ηˆαˆpˆσαˆ}
−
ˆ
dτdσ{πα[Lα − (γ
mΛ)α
(Λλ) (Pm + T ∂σXm)] + πˆαˆ[Lˆαˆ − (γ
mΛˆ)αˆ
(Λˆλˆ)
(Pm − T ∂σXm)]}. (2.47)
Here, Ω¯, β, rα, ηα and πα are the antighosts of Ω, γ, sα, ǫα and θα, respectively (hatted and
unhatted). The antighosts will be generically represented by Φ¯a (with antifields Φ¯a∗), where the
index a denotes the different components of the gauge parameters. In addition, the extended
phase space of the model will include the Nakanishi-Lautrup fields, Λa, and antifields, Λa∗.
The gauge fixed action can be determined by evaluating the non-minimal master action,
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defined as
Snm = S +
ˆ
dτdσ
(
Φ¯a∗Λa
)
, (2.48)
at
Φ∗I =
δΞ
δΦI
, Φ¯a∗ =
δΞ
δΦ¯a
, Λa∗ =
δΞ
δΛa
. (2.49)
For the particular choice of gauge fixing fermion (2.47), the non-vanishing antifields are given by
X∗m = −T ∂σ[ (πγ
mΛ)
(Λλ) ] + T ∂σ[ (πˆγ
mΛˆ)
(Λˆλˆ)
], Aτ∗ = Ω¯,
δPm∗ = T (πγ
mΛ)
(Λλ) + T (πˆγ
mΛˆ)
(Λˆλˆ)
, Aˆτ∗ =
ˆ¯Ω,
λ∗α = − (πγ
mΛ)
(Λλ)2
(Pm + T ∂σXm)Λα, χτ∗ = β,
λˆ∗αˆ = − (πˆγ
mΛˆ)
(Λˆλˆ)2
(Pm − T ∂σXm)Λˆαˆ, χˆτ∗ = βˆ,
L∗α = −πα, Lˆ∗αˆ = −πˆαˆ,
wασ∗ = −rα, wˆαˆσ∗ = −rˆαˆ,
pασ∗ = η
α, pˆαˆσ∗ = ηˆ
αˆ.
(2.50)
Since the master action S was consistently built with the pure spinor constraints (2.34), the
antighosts are constrained accordingly:
ξαπα = 0, ξˆ
αˆπˆαˆ = 0,
λαπα = 0, λˆ
αˆπˆαˆ = 0,
(λγmr) = 0, (λˆγmrˆ) = 0,
(λγmnπ) = 0, (λˆγmnπˆ) = 0,
(λγmη) + (rγmξ) = 0, (λˆγmηˆ) + (rˆγmξˆ) = 0.
(2.51)
After solving for the equations of motion of the Nakanishi-Lautrup fields, the gauge fixed
action can be written as
Sfixed =
ˆ
dτdσ{Pm∂τXm − 12T (PmPm + T 2∂σXm∂σXm)}
+
ˆ
dτdσ{wα∂τλα + pα∂τ ξα + πα∂τθα + rα∂τsα + ηα∂τ ǫα}
+
ˆ
dτdσ{A∂τB +Σ∂τχ+ Ω¯∂τΩ+ β∂τγ}
+
ˆ
dτdσ{12∂σ(λγmθ) (πγ
mΛ)
(Λλ) − 18T (λγ
nγmΛ)
(Λλ) (Pm + T ∂σXm)(θγnr)}
+
ˆ
dτdσ{wˆαˆ∂τ λˆαˆ + pˆαˆ∂τ ξˆαˆ + πˆαˆ∂τ θˆαˆ + rˆαˆ∂τ sˆαˆ + ηˆαˆ∂τ ǫˆαˆ}
+
ˆ
dτdσ{Aˆ∂τ Bˆ + Σˆ∂τ χˆ+ ˆ¯Ω∂τ Ωˆ + βˆ∂τ γˆ}
+
ˆ
dτdσ{−12∂σ(λˆγmθˆ) (πˆγ
mΛˆ)
(Λˆλˆ)
+ 18T
(λˆγnγmΛˆ)
(Λˆλˆ)
(Pm − T ∂σXm)(θˆγnrˆ)}, (2.52)
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where some of the fields were renamed in order to simplify the notation,
wα ≡ wτα, A ≡ Aσ, wˆαˆ ≡ wˆταˆ, Aˆ ≡ Aˆσ,
pα ≡ pτα, χ ≡ χσ, pˆαˆ ≡ pˆταˆ, χˆ ≡ χˆσ.
(2.53)
The BV-BRST transformations can be readily determined next. From equation (2.41), the
transformations of the fields can be written as
δXm = 14T [(λγ
mθ) + (λˆγmθˆ)], (2.54a)
δPm =
1
4∂σ[(λγmθ)− (λˆγmθˆ)], (2.54b)
δλα = Ωλα, (2.54c)
δwα = γpα − ǫαχ− Ωwα −∇σsα − 14T [Pm + T ∂σXm − 14(rγmθ)](θγm)α, (2.54d)
δA = −∂σΩ, (2.54e)
δB = γΣ− λαsα, (2.54f)
δξα = γλα, (2.54g)
δpα = −∂σǫα, (2.54h)
δχ = ∂σγ −Aγ − Ωχ, (2.54i)
δΣ = ΩΣ− λαǫα, (2.54j)
δλˆαˆ = Ωˆλˆαˆ, (2.54k)
δwˆαˆ = γˆpˆαˆ − ǫˆαˆχˆ− Ωwˆαˆ − ∇ˆσ sˆαˆ − 14T [Pm − T ∂σXm + 14(rˆγmθˆ)](γmθˆ)αˆ, (2.54l)
δAˆ = −∂σΩˆ, (2.54m)
δBˆ = γˆΣˆ− λˆαˆsˆαˆ, (2.54n)
δξˆαˆ = γˆλˆαˆ, (2.54o)
δpˆαˆ = −∂σ ǫˆαˆ, (2.54p)
δχˆ = ∂σγˆ − Aˆγˆ − Ωˆχˆ, (2.54q)
δΣˆ = ΩˆΣˆ− λˆαˆǫˆαˆ, (2.54r)
and, using equations (2.43) and (2.44), the transformations of the ghosts are given by
δπα = Ωπα − 14T (γmλ)α(Pm + T ∂σXm)− 18T (γmλ)α(θγmr), (2.55a)
δθα = −Ωθα, (2.55b)
δrα = ∂σλ
α +Aλα +Ωrα, (2.55c)
δsα = −Ωsα − γǫα − 116T (λγmθ)(γmθ)α, (2.55d)
δΩ¯ = −λαwα + ∂σB + rαsα + παθα +Σχ+ βγ, (2.55e)
δΩ = 0, (2.55f)
δβ = λαpα − ∂σΣ−AΣ+ Ωβ − rαǫα, (2.55g)
δγ = −Ωγ, (2.55h)
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δηα = ∂σξ
α − λαχ− γrα, (2.55i)
δǫα = 0, (2.55j)
δπˆαˆ = Ωˆπˆαˆ − 14T (γmλˆ)αˆ(Pm − T ∂σXm) + 18T (γmλˆ)αˆ(θˆγmrˆ), (2.55k)
δθˆαˆ = −Ωˆθˆαˆ, (2.55l)
δrˆαˆ = ∂σλˆ
αˆ + Aˆλˆαˆ + Ωˆrαˆ, (2.55m)
δsˆαˆ = −Ωˆsˆαˆ − γˆǫˆαˆ + 116T (λˆγmθˆ)(γmθˆ)αˆ, (2.55n)
δ ˆ¯Ω = −λˆαˆwˆαˆ + ∂σBˆ + rˆαˆsˆαˆ + πˆαˆθˆαˆ + Σˆχˆ+ βˆγˆ, (2.55o)
δΩˆ = 0, (2.55p)
δβˆ = λˆαˆpˆαˆ − ∂σΣˆ− AˆΣˆ + Ωˆβˆ − rˆαˆǫˆαˆ, (2.55q)
δγˆ = −Ωˆγˆ, (2.55r)
δηˆαˆ = ∂σ ξˆ
αˆ − λˆαˆχˆ− γˆrˆαˆ, (2.55s)
δǫˆαˆ = 0. (2.55t)
The action (2.52) does not look like an ordinary action in the conformal gauge. This can be
fixed with the addition of a BRST trivial expression. Consider the operators
I ≡ −12(rγmθ) (πγ
mΛ)
(Λλ) + wαr
α − pαηα +AΩ¯ + χβ, (2.56a)
Iˆ ≡ 12(rˆγmθˆ) (πˆγ
mΛˆ)
(Λˆλˆ)
+ wˆαˆrˆ
αˆ − pˆαˆηˆαˆ + Aˆ ˆ¯Ω + χˆβˆ, (2.56b)
and their BRST variation. It is then straightforward to demonstrate that
S˜ ≡ Sfixed +
{
Q,
ˆ
dτdσ (I + Iˆ)
}
=
ˆ
dτdσ{Pm∂τXm − 12T (PmPm + T 2∂σXm∂σXm)}
+
ˆ
dτdσ{wα∂−λα + pα∂−ξα + πα∂τθα + rα∂−sα + ηα∂−ǫα}
+
ˆ
dτdσ{A∂−B +Σ∂−χ+ Ω¯∂−Ω+ β∂−γ + 12(λγm∂σθ) (πγ
mΛ)
(Λλ) }
+
ˆ
dτdσ{wˆαˆ∂+λˆαˆ + pˆαˆ∂+ξˆαˆ + πˆαˆ∂τ θˆαˆ + rˆαˆ∂+sˆαˆ + ηˆαˆ∂+ǫˆαˆ}
+
ˆ
dτdσ{Aˆ∂+Bˆ + Σˆ∂+χˆ+ ˆ¯Ω∂+Ωˆ + βˆ∂+γˆ − 12(λˆγm∂σ θˆ) (πˆγ
mΛˆ)
(Λˆλˆ)
}, (2.57)
where ∂± = ∂τ ± ∂σ. Now, using the gamma matrix identity
(γmn) βα (γmn)
γ
λ = 4γ
m
αλγ
βγ
m − 2δβαδγλ − 8δβλδγα, (2.58)
it follows that
−12(λγm∂σθ)(πγmΛ) = 18(πγmnλ)(Λγmn∂σθ) + 14(πλ)(Λ∂σθ) + (Λλ)(π∂σθ), (2.59a)
−12(λˆγm∂σ θˆ)(πˆγmΛˆ) = 18(πˆγmnλˆ)(Λˆγmn∂σ θˆ) + 14(πˆλˆ)(Λˆ∂σ θˆ) + (Λˆλˆ)(πˆ∂σ θˆ). (2.59b)
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The first two terms on the right hand side of each equation vanish due to the constraints (2.51).
Therefore the gauge fixed action (2.57) can be finally rewritten as
S˜ =
ˆ
dτdσ{Pm∂τXm − 12T (PmPm + T 2∂σXm∂σXm)}
+
ˆ
dτdσ{wα∂−λα + pα∂−ξα + πα∂−θα + rα∂−sα + ηα∂−ǫα}
+
ˆ
dτdσ{A∂−B +Σ∂−χ+ Ω¯∂−Ω+ β∂−γ}
+
ˆ
dτdσ{wˆαˆ∂+λˆαˆ + pˆαˆ∂+ξˆαˆ + πˆαˆ∂+θˆαˆ + rˆαˆ∂+sˆαˆ + ηˆαˆ∂+ǫˆαˆ}
+
ˆ
dτdσ{Aˆ∂+Bˆ + Σˆ∂+χˆ+ ˆ¯Ω∂+Ωˆ + βˆ∂+γˆ}, (2.60)
in which the separation between right and left-moving sectors is manifest.
The BRST current can be computed using the transformations (2.54) and (2.55). It has two
components, one left and one right-moving, given by
J = − 14T (λγmθ)(Pm + T ∂σXm) + 116T (rγmθ)(λγmθ)− λα∂σsα
+Aλαsα − Ω(λαwα − rαsα + θαπα − ∂σB −Σχ− βγ)
+γ(λαpα − rαǫα − ∂σΣ−AΣ) + ǫα∂σξα − χλαǫα, (2.61a)
Jˆ = − 14T (λˆγmθˆ)(Pm − T ∂σXm)− 116T (rˆγmθˆ)(λˆγmθˆ)− λˆαˆ∂σ sˆα
+Aˆλˆαˆsˆα − Ωˆ(λˆαˆwˆαˆ + θˆαˆπˆαˆ − rˆαˆsˆαˆ − ∂σBˆ − Σˆχˆ− βˆγˆ)
+γˆ(λˆαˆpˆαˆ − rˆαˆǫˆαˆ − ∂σΣˆ− AˆΣˆ) + ǫˆαˆ∂σ ξˆαˆ − χˆλˆαˆǫˆαˆ, (2.61b)
such that ∂−J = ∂+Jˆ = 0.
As one final consistency check, observe that the generators of reparametrization symmetry
are exact. By defining,
B+ ≡ (Λγ
mπ)
(Λλ) [Pm + T ∂σXm − 12(rγmθ)]− rαwα + ηαpα − βχ−AΩ¯, (2.62a)
B− ≡ − (Λˆγ
mπˆ)
(Λˆλˆ)
[Pm − T ∂σXm + 12(rˆγmθˆ)]− rˆαˆwˆαˆ + ηˆαˆpˆαˆ − βˆχˆ− Aˆ ˆ¯Ω, (2.62b)
it is straightforward to compute their BV-BRST transformation, c.f. equations (2.54) and (2.55),
δB+ = − 14T (Pm + T ∂σXm)(Pm + T ∂σXm)−wα∂σλα − pα∂σξα −A∂σB
−χ∂σΣ− πα∂σθα − rα∂σsα − ηα∂σǫα − β∂σγ − Ω¯∂σΩ, (2.63a)
δB− =
1
4T (P
m − T ∂σXm)(Pm − T ∂σXm)− wˆαˆ∂σλˆαˆ − pˆαˆ∂σ ξˆαˆ − Aˆ∂σBˆ
−χˆ∂σΣˆ− πˆαˆ∂σ θˆαˆ − rˆαˆ∂σ sˆαˆ − ηˆαˆ∂σ ǫˆαˆ − βˆ∂σ γˆ − ˆ¯Ω∂σΩˆ, (2.63b)
which constitute the generalization of H± in (2.12).
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2.6 Field redefinition and emergent spacetime supersymmetry
Although not obviously, the BRST structure of the action (2.60) can be greatly simplified.
Consider the field redefinitions
λα → γ−1λα, pα → pα + ∂σsα,
wα → γwα, πα → γ−1πα,
A → A+ ∂σγγ , rα → γ−1(rα + ∂σξα),
χ → γχ, sα → γsα,
Σ → γ−1Σ, β → β + γ−1(λαwα + θαπα − ∂σB)
θα → γθα, +γ−1(sαrα + sα∂σξα + χΣ),
(2.64)
and analogous operations in the hatted sector, which leave the action (2.60) invariant. Note that
the pure spinor constraints (2.51) have to be modified accordingly.
Since the ghosts fields γ and γˆ transform under scaling, the field redefinitions above leave all
the spacetime spinors scale invariant at the price of shifting their ghost number. In particular,
the pure spinors λα and λˆαˆ now have ghost number +1 while the θα and θˆαˆ have ghost number
zero. Also, due to the ordering of the operators, the scaling parts of the BRST current (with Ω
and Ωˆ) receive quantum corrections which can be cast as
Ω(λαwα − rαsα + θαπα − ∂σB −Σχ− βγ) → −Ω(βγ + c#∂σ ln γ), (2.65a)
Ωˆ(λˆαˆwˆαˆ + θˆ
αˆπˆαˆ − rˆαˆsˆαˆ − ∂σBˆ − Σˆχˆ− βˆγˆ) → −Ωˆ(βˆγˆ + cˆ#∂σ ln γˆ), (2.65b)
where c# and cˆ# are numerical constants which will be fixed later in Appendix B.
The BRST currents (2.61) are then rewritten as
J = − 14T (λγmθ)
[
Pm + T ∂σXm − 14(∂σξγmθ)
]
+λαpα − Ω(βγ + c#∂σ ln γ)−AΣ− rαǫα
+ 116T (rγ
mθ)(λγmθ) +Aλ
αsα − χλαǫα − ∂σ(γΣ), (2.66a)
Jˆ = − 14T (λˆγmθˆ)
[
Pm − T ∂σXm + 14(∂σ ξˆγmθˆ)
]
+λˆαˆpˆαˆ − Ωˆ(βˆγˆ + cˆ#∂σ ln γˆ)− AˆΣˆ− rˆαˆǫˆαˆ
− 116T (rˆγmθˆ)(λˆγmθˆ) + Aˆλˆαˆsˆα − χˆλˆαˆǫˆαˆ − ∂σ(γˆΣˆ). (2.66b)
The last term in each current can be disregarded, since they correspond to total derivatives and
do not contribute to the BRST charges. Furthermore, the remaining terms in the third lines of
(2.66a) and (2.66b) can be removed by similarity transformations of the form J
′ ≡ e−UJeU and
Jˆ
′ ≡ e−Uˆ JˆeUˆ , where U and Uˆ are invariant under the pure spinor symmetries and given by
U =
ˆ
dσ
{
χλαsα − 132T (λγmθ)(λγnθ)
(ηγmnΛ)
(Λλ)
}
, (2.67a)
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Uˆ =
ˆ
dσ
{
χˆλˆαˆsˆαˆ +
1
32T (λˆγ
mθˆ)(λˆγnθˆ)
(ηˆγmnΛˆ)
(Λˆλˆ)
}
, (2.67b)
It is then straightforward to show that
J
′
= λαpα − 14T (λγmθ)
[
Pm + T ∂σXm − 14(∂σξγmθ)
]
−Ω(βγ + c#∂σ ln γ)−AΣ− rαǫα, (2.68a)
Jˆ
′
= λˆαˆpˆαˆ − 14T (λˆγmθˆ)
[
Pm − T ∂σXm + 14(∂σ ξˆγmθˆ)
]
−Ωˆ(βˆγˆ + cˆ#∂σ ln γˆ)− AˆΣˆ− rˆαˆǫˆαˆ. (2.68b)
It is important to emphasize that the field redefinitions in (2.64) are well defined only if γ
and γˆ are assumed to be non-vanishing in every point of the worldsheet. This is clear in the
definition of the conformal field theory of the decoupled sector, which is singular for γ = 0 and
γˆ = 0. In a path integral formulation, this singularity can be avoided by choosing a convenient
parametrization for the ghosts, e.g. γ = eσ and β = ρe−σ, therefore enforcing the non-vanishing
condition. Here, σ is a chiral worldsheet scalar with conjugate ρ. More details can be found in
the appendix B.
Using the quartet argument, the BRST cohomology can be shown to be independent of A,
B, χ, σ, ρ, Σ, rα, sα, ηα and ǫα (hatted and unhatted). Therefore, these fields can be eliminated
from the theory and the gauge fixed action (2.60) is further simplified to
S˜ =
ˆ
dτdσ{Pm∂τXm − 12T (PmPm + T 2∂σXm∂σXm)}
+
ˆ
dτdσ{wα∂−λα + pα∂−ξα + πα∂−θα + wˆαˆ∂+λˆαˆ + pˆαˆ∂+ξˆαˆ + πˆαˆ∂+θˆαˆ}. (2.69)
The pure spinor constraints (2.34) are reduced to
(λγmλ) = 0, (λˆγmλˆ) = 0,
(λγmξ) = 0, (λˆγmξˆ) = 0,
ξαπα = 0, ξˆ
αˆπˆαˆ = 0,
λαπα = 0, λˆ
αˆπˆαˆ = 0,
(λγmnπ) = 0, (λˆγmnπˆ) = 0,
(2.70)
and the action (2.69) is invariant under the implied pure spinor gauge transformations
δwα = dm(γ
mλ)α + em(γ
mξ)α − f¯πα − f¯mn(γmnπ)α, (2.71a)
δpα = em(γ
mλ)α − g¯πα, (2.71b)
δθα = f¯λα + f¯mn(γ
mnλ)α + g¯ξα, (2.71c)
δwˆαˆ = dˆm(γ
mλˆ)αˆ + eˆm(γ
mξˆ)αˆ − ˆ¯fπˆαˆ − ˆ¯fmn(γmnπˆ)αˆ, (2.71d)
δpˆαˆ = eˆm(γ
mλˆ)αˆ − ˆ¯gπˆαˆ, (2.71e)
δθˆαˆ = ˆ¯fλˆαˆ + ˆ¯fmn(γ
mnλˆ)αˆ + ˆ¯gξˆαˆ. (2.71f)
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These transformations are the key to spacetime supersymmetry. The parameter em can
be tuned in such a way that the gauge dependent components of pα are identified with the
independent components of the constrained spinor πα. Furthermore, the gauge parameters f¯
and f¯mn can be similarly chosen such that the gauge dependent components of θα are identified
with the independent components of the constrained spinor ξα. This is demonstrated in Appendix
A. An analogous gauge fixing can be performed in the hatted sector. The outcome of the partial
gauge fixing of the pure spinor symmetries is the action
S =
ˆ
dτdσ{Pm∂τXm − 12T (PmPm + T 2∂σXm∂σXm)}
+
ˆ
dτdσ{wα∂−λα + pα∂−θα + wˆαˆ∂+λˆαˆ + pˆαˆ∂+θˆαˆ}, (2.72)
but now with unconstrained pα, θα, pˆαˆ and θˆαˆ. The action S corresponds to the type II-B
superstring in the pure spinor formalism. The type II-A is similarly obtained by reverting the
spinor chirality of one of the sectors, either hatted or unhatted. The heterotic superstring is
obtained when only one of the twistor-like constraints (2.13) is imposed, but then worldsheet
reparametrization has be taken into account in the construction of the master action.
The non-vanishing BRST transformations can be cast as
δXm = 14T (λγ
mθ) + 14T (λˆγ
mθˆ), δPm =
1
4∂σ[(λγmθ)]− 14∂σ[(λˆγmθˆ)],
δwα = pα − 116T (θγm∂σθ)(γmθ)α δwˆαˆ = pˆαˆ + 116T (θˆγm∂σ θˆ)(γmθˆ)αˆ
− 14T (Pm + T ∂σXm)(γmθ)α, − 14T (Pm − T ∂σXm)(γmθˆ)αˆ,
δθα = λα, δθˆαˆ = λˆαˆ,
δpα = − 14T (Pm + T ∂σXm)(γmλ)α δpˆαˆ = − 14T (Pm − T ∂σXm)(γmλˆ)αˆ
+ 116T (∂σλγmθ)(γ
mθ)α − 116T (∂σλˆγmθˆ)(γmθˆ)αˆ
+ 38T (λγmθ)(γ
m∂σθ)α − 38T (λˆγmθˆ)(γm∂σ θˆ)αˆ
(2.73)
generated by the BRST charges
Q =
ˆ
dσ{λαpα − 14T (λγmθ)(Pm + T ∂σXm) + 116T (λγmθ)(θγm∂σθ)}, (2.74a)
Qˆ =
ˆ
dσ{λˆαˆpˆαˆ − 14T (λˆγmθˆ)(Pm − T ∂σXm)− 116T (λˆγmθˆ)(θˆγm∂σ θˆ)}, (2.74b)
Finally, note that the BRST charges and the action (2.72) are spacetime supersymmetric and
the supersymmetry generators can be expressed as
qα =
ˆ
dσ
{
pα +
1
4T (Pm + T ∂σXm)(γmθ)α + 148T (θγm∂σθ)(γmθ)α
}
, (2.75a)
qˆαˆ =
ˆ
dσ
{
pˆαˆ +
1
4T (Pm − T ∂σXm)(γmθˆ)αˆ − 148T (θˆγm∂σ θˆ)(γmθˆ)αˆ
}
, (2.75b)
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satisfying the algebra
{qα, qβ} = 12T γmαβ
ˆ
dσ Pm, (2.76a)
{qˆαˆ, qˆβˆ} = 12T γmαˆβˆ
ˆ
dσ Pm. (2.76b)
Therefore, spacetime supersymmetry is made manifest with the help of the field redefinitions
(2.64) and the pure spinor gauge symmetries (2.71), demonstrating the the action (2.18) can be
seen as the underlying gauge theory of the pure spinor superstring
3 Final remarks
The pure spinor action (2.72) can be rewritten in a more traditional way by solving the equation
of motion for Pm and Wick-rotating the worldsheet time coordinate τ . The resulting action is
S =
ˆ
d2z{12∂Xm∂¯Xm +wα∂¯λα + pα∂¯θα + wˆαˆ∂λˆαˆ + pˆαˆ∂θˆαˆ}, (3.1)
with z (z¯) denoting the usual (anti)holomorphic coordinate, ∂ ≡ ∂∂z , ∂¯ ≡ ∂∂z¯ and T = 1 (string
tension). The BRST charge (2.74a) takes its standard form in the pure spinor formalism as
QPS =
‰
λαdα, (3.2)
where dα denotes the field realization of the supersymmetric derivative and is expressed as
dα ≡ pα − 12∂Xm(γmθ)α − 18 (θγm∂θ)(γmθ)α. (3.3)
While the twistor-like symmetry can be understood as a way to rewrite the generators of
worldsheet reparametrization with a linear dependence on Pm, the extra fermionic pair {ξα, pα}
and the fermionic symmetry (2.25) do not have a clear physical interpretation. These ingredients
are ultimately responsible for the emergence of spacetime supersymmetry but from the world-
sheet point of view their existence lacks a more fundamental understanding. The operator λαpα
resembles part of a possible worldsheet supersymmetry generator with “wrong” conformal dimen-
sion so it might be possible that the gauge action (2.18) can be embedded in a bigger model with
twisted worldsheet supersymmetry. It would be interesting to investigate potential connections
with (1) the superembedding origin of the heterotic pure spinor superstring, presented in [18];
and (2) the twisted formulation of the pure spinor superstring introduced in [23] and its relation
to the spinning string. Also in this direction, it is worth studying alternative gauge choices for
the master action (2.37) and whether they could be related to the Green-Schwarz superstring.
This idea was first proposed in [21] for Berkovits’ action (1.3) and it would be interesting to
develop a similar approach here. In order to do that, it seems that worldsheet reparametrization
has to be explicitly included in the construction of the master action.
Acknowledgments: I would like to thank Thales Azevedo and Nathan Berkovits for com-
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ments of the draft. Also, I would like to thank Dmitri Sorokin for reference suggestions and for
pointing out a possible connection between the results presented here and the superembedding
approach. This research has been supported by the Czech Science Foundation - GAČR, project
19-06342Y.
A Partial gauge fixing of the pure spinor symmetries
The aim of this appendix is to demonstrate that the action (2.69) can be rewritten in terms
of unconstrained spacetime spinors pα, θα, pˆαˆ and θˆαˆ, provided that the pure spinor gauge
symmetries (2.71) are partially fixed in a precise form. In order to do this, the pure spinor
constraints (2.70) will be explicitly solved in a Wick-rotated scenario and the SO(10) spinors
will be expressed in terms of U(5) components. To illustrate the procedure, only the unhatted
(left-moving) sector will be analyzed, but it can be easily extended to the right-moving sector.
U(5) decomposition
Given an SO (10) chiral spinor ξα (antichiral χα), with α = 1, . . . , 16, it is possible to determine
its U (5) components using the projectors PαA and (P
α
A)
−1 ≡ P Iα , where A = {+, a, ab} denotes the
U (5) indices, respectively the U(1)-charged singlet, the vector and the adjoint representations,
with a = 1, . . . , 5, defined in such a way that
ξα = Pα+ξ
+ + 12P
α
abξ
ab + Pαaξa, χα = P
+
α χ+ +
1
2P
ab
α χab + Pαaχ
a,
ξ+ = P+α ξ
α, χ+ = P
α
+χα,
ξab = P abα ξ
α, χab = P
α
abχα,
ξa = Pαaξ
α, χa = Pαaχα.
(A.1)
These projectors satisfy the orthogonality equations
Pα+P
+
α = 1,
PαaPαb = δ
a
b ,
PαabP
cd
α = δ
c
aδ
d
b − δcbδda
Pα+P
+
β +
1
2P
α
abP
ab
β + P
αaPβa = δ
α
β ,
(A.2)
and more generally PαAP
B
α = 0 for A 6= B. They can be used as building blocks of the symmetric
g-matrices, defined as
(ga)αβ ≡ √2(Pα+P βa + P β+Pαa + 14ǫabcdePαbcP βde),
(g¯a)
αβ ≡ √2(PαbP βba + P βbPαba),
(ga)αβ ≡
√
2(PβbP
ba
α + PαbP
ba
β ),
(g¯a)αβ ≡
√
2(P+α Pβa + P
+
β Pαa +
1
4ǫabcdeP
bc
α P
de
β ),
(A.3)
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where ǫabcde and ǫabcde are the totally antisymmetric U (5) tensors, with ǫ12345 = ǫ54321 = 1,
satisfying the algebra
{ga, gb} βα ≡ gaαγ(gb)γβ + gbαγ(ga)γβ
= 0, (A.4a)
{g¯a, g¯b} βα ≡ (g¯a)αγ g¯γβb + (g¯b)αγ g¯γβa
= 0, (A.4b)
{ga, g¯b} βα ≡ gaαγ g¯γβb + (g¯b)αγ(ga)γβ
= 2δβδab . (A.4c)
Therefore, the g-matrices (A.3) represent the U(5) components of the gamma matrices γm.
Solving the pure spinor constraints
The action (2.69) is invariant under the pure spinor gauge transformations
δwα = dm(γ
mλ)α + em(γ
mξ)α − f¯mn(γmnπ)α,
δpα = em(γ
mλ)α,
δθα = f¯mn(γ
mnλ)α,
(A.5)
where dm, em and f¯mn are the parameters. Note that the parameters f¯ and g¯ in (2.71) are
redundant, for they can be absorbed by a shift of the other parameters:
dm → dm − 4f¯5 (Λγmπ)(Λλ) + g¯5
(Λξ)
(Λλ)2
(Λγmπ),
em → em + g¯2 (Λγmπ)(Λλ) ,
f¯mn → f¯mn + f¯10 (Λγmnλ)(Λλ) + g¯8 (Λγmnξ)(Λλ) − g¯40 (Λξ)(Λγmnλ)(Λλ)2 .
(A.6)
This can be easily demonstrated with the help of the gamma matrix property (2.58).
In terms of U(5) components, λα, θα and πα can be parametrized as λα = (λ+, λab, λa),
ξα = (ξ+, ξab, ξa), and πα = (π+, πab, πa). Therefore, using the g-matrices (A.3), the constraints
(2.70) can be rewritten as
λabλb = 0, λ
+πab =
1
2ǫabcdeπ
cλde,
λ+λa = −18ǫabcdeλbcλde, λ+π+− = 35λaπa − 110λabπab,
λabξb = −ξabλb, λaπb − λbcπac = 15δba(λcπc − λcdπcd),
λ+ξa = −ξ+λa − 14ǫabcdeλbcξde, λ+π+− = λaπa + 12λabπab,
λabπ+ =
1
2ǫ
abcdeλcπde, ξ
+π+− = ξaπa + 12ξabπab.
(A.7)
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Assuming λ+ 6= 0, these constraints can be explicitly solved by
λa = − 18λ+ ǫabcdeλbcλde,
ξa = − ξ
+
λ+
λa − 14λ+ ǫabcdeλbcξde,
π+ =
1
λ+
λaπ
a,
πab =
1
2λ+ ǫabcdeπ
cλde,
(A.8)
Next, the transformations (A.5) can be used to conveniently choose the gauge pα = {p+, pab, πa}
and θα = {ξ+, ξab, θa}, where p+, pab and θa denote the independent components of pα and θα.
Using this gauge and the solutions (A.8), their contribution to the action (2.69) can be cast as
Ssp =
ˆ
dτdσ{pα∂−ξα + πα∂−θα},
=
ˆ
dτdσ{p+∂−ξ+ + 12pab∂−ξab + pa∂−ξa}
+
ˆ
dτdσ{π+∂−θ+ + 12πab∂−θab + πa∂−θa},
=
ˆ
dτdσ
{
pα∂−θ
α − πaξ+∂−
(
λa
λ+
)
− 14ǫabcdeπaξde∂−
(
λbc
λ+
)}
. (A.9)
Note that the last two terms can be absorbed by a redefinition of wα and the resulting action
(2.72) depends only on the unconstrained pair {pα, θα}.
Furthermore, the BRST current derived from the action (2.74a) is rewritten as well in terms
of the pair {pα, θα}. The terms λαpα and (λγmθ) preserve their shape with the gauge choice
above and after a simple similarity transformation, the BRST current is given by
J = λαpα − 14T (λγmθ)
[
Pm + T ∂σXm + 14(θγm∂σθ)
]
, (A.10)
corresponding to the usual pure spinor BRST current plus a U(1) decoupled sector.
B The U(1)R × U(1)L sector
This section presents some properties of the U(1)R × U(1)L sector, which is constituted by the
ghosts coming from the scaling symmetry (2.24) and the fermionic symmetry (2.25), but after
the field redefinition (2.64).
After a Wick-rotation of the worldsheet time τ , their contribution to the action (2.60) can
be written as
S∗ =
ˆ
d2z{Ω¯∂¯Ω+ β∂¯γ + ˆ¯Ω∂Ωˆ + βˆ∂γˆ}, (B.1)
with holomorphic and anti-holomorphic BRST currents given by
J∗ = Ω
(
1
2∂ ln γ − βγ
)
, (B.2a)
Jˆ∗ = Ωˆ
(
1
2 ∂¯ ln γˆ − βˆγˆ
)
. (B.2b)
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Note that the constants c# and cˆ# in (2.65) were fixed by requiring nilpotency of the BRST
charges Q∗ ≡

J∗ and Qˆ∗ ≡
ff
Jˆ∗.
The cohomology of Q∗ has only two elements, the identity operator 1 and Ω, which is BRST
singular,
Ω = lim
ǫ→0
1
ǫ [Q∗, γ
ǫ]. (B.3)
Any other BRST-closed operator can be shown to beQ∗-exact and there is no operator trivializing
the cohomology.
Because of the field redefinition (2.64), β and βˆ are not conformal primary operators. In fact,
the components of the energy-momentum tensor have a non-standard form given by
T∗ = −Ω¯∂Ω− β∂γ + 12γ2 [γ∂2γ − (∂γ)2], (B.4a)
Tˆ∗ = − ˆ¯Ω∂¯Ωˆ− βˆ∂¯γˆ + 12γˆ2 [γˆ∂¯2γˆ − (∂¯γˆ)2]. (B.4b)
Using the fundamental OPE
γ(z)β(y) ∼ 1
(z − y) , (B.5)
the following results are obtained
T∗(z) γ(y) ∼ ∂γ
(z − y) , (B.6a)
T∗(z)β(y) ∼ γ
−1
(z − y)3 +
β
(z − y)2 +
∂β
(z − y) , (B.6b)
T∗(z)Ω(y) ∼ ∂Ω
(z − y) , (B.6c)
T∗(z) Ω¯(y) ∼ Ω¯
(z − y)2 +
∂Ω¯
(z − y) , (B.6d)
T∗(z)J∗(y) ∼ J∗
(z − y)2 +
∂J∗
(z − y) , (B.6e)
T∗(z)T∗(y) ∼ 2T∗
(z − y)2 +
∂T∗
(z − y) . (B.6f)
Apart from β, all the other operators above are primary fields and the central charge of the
model vanishes.
As discussed in the main text, the ghost γ should not have any zeros on the worldsheet,
otherwise the field redefinitions (2.64) are ill defined. This condition can be enforced by the
parametrization
γ = eσ, (B.7a)
β = ρe−σ, (B.7b)
and similarly for the hatted sector, such that the holomorphic part of the action (B.1) and its
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associated BRST charge are given by
S∗ =
ˆ
d2z{Ω¯∂¯Ω+ ρ∂¯σ}, (B.8)
Q∗ =
‰
Ωρ. (B.9)
Using the quartet argument, it is easy to show that the cohomology of Q∗ contains only one
element, the identity operator.
C A non-minimal formalism with fundamental (b, c) ghosts
Because worldsheet reparametrization is a redundant symmetry of the action (2.18), the gauge
fixed model does not contain the fundamental (b, c) ghosts which are directly connected to the
definition of perturbative string theory as a sum over different worldsheet topologies. In order
to implement such structure in the pure spinor formalism, Berkovits proposed the composite
b ghost in [24], which was later made super Poincarï¿ 12 covariant with the introduction of the
non-minimal formalism in [25]. In its simplest form [26], the pure spinor composite b ghost can
be defined classically as
B ≡ Λα4(Λλ)
(
2∂Xm(γmd)
α + (θγm∂θ)(γmd)
α + 12(wγmnλ)(γ
mn∂θ)α + (wλ)∂θα
)
, (C.1)
and satisfies {Q,B} = TPS, where Q is the BRST charge (3.2) and TPS denotes the holomorphic
component of the energy-momentum tensor associated to (3.1) and can be expressed as
TPS = −12∂Xm∂Xm − pα∂θα − wα∂λα. (C.2)
When the master action (2.37) is extended to include all the gauge and gauge-for-gauge sym-
metries described in subsection (2.3), it is possible to choose a gauge in which the reparametriza-
tion ghosts survive in the form of non-minimal variables such that the resulting BRST charge
can be expressed as
Q = e−U
(‰
{λαdα + bφ}
)
eU , (C.3)
where U is the generator of a similarity transformation given by
U =
‰
{−cB + φ¯c∂c}. (C.4)
Here, b, c, φ¯ and φ are the (fundamental) Virasoro ghosts and ghost-for-ghosts with vanishing
contribution to the central charge of the action (-26+26=0).
The BRST charge (C.3) has the structure of a generic coupling of the pure spinor superstring
to topological two-dimensional gravity, as analyzed in [27], and was already suggested in [20],
31
but it will be further explored here. First note that it can be rewritten as
Q =
‰
{λαdα + c(TPS − 2φ¯∂φ− φ∂φ¯− b∂c) + bφ}, (C.5)
such that the fundamental b ghost satisfies
{Q, b} = T, (C.6)
where T is the energy-momentum tensor of the non-minimal action,
T = TPS − φ¯∂φ− ∂(φ¯φ)− b∂c− ∂(bc). (C.7)
Therefore, the similarity transformation in (C.3) helps to expose the familiar construction
from gauge fixing worldsheet diffeomorphisms. On the other hand, there does not seem to be
any relevant advantage in making such structure manifest.
The whole machinery related to picture changing operators can be immediately built. The
bosonic ghosts φ and φ¯ can be fermionized as follows,
φ ∼= eση, (C.8)
φ¯ ∼= e−σ∂ξ, (C.9)
such that the BRST cohomology of (C.3) can be written at picture −1 as
V (−1) = e−U
(
ce−σV
)
eU , (C.10)
where V is an element of the pure spinor cohomology, with BRST charge (3.2). Integrated vertex
operators, I, can be built with the action of the fundamental b ghost on the unintegrated vertex
operators. In the picture −1, they can be built as
I(−1) ≡
‰
b · V (−1),
= e−U
( ‰
{e−σV + . . .}
)
eU . (C.11)
Picture changing operators are also defined in a simple way. The picture raising operator is
given by
Y ≡ {Q, ξ}
= c∂ξ + (b−B)eσ, (C.12)
while the picture lowering is given by
Z ≡ ce−σ , (C.13)
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such that
lim
z→y
Z(z)Y (y) = 1. (C.14)
Note that because of the manifest spacetime supersymmetry, Neveu-Schwarz and Ramond states
are treated on equal footing and there are no half-integer pictures.
At tree level, the integration measure for the reparametrization ghosts and ghost-for-ghosts
is simply 〈
c∂c∂2ce−3σ
〉
= 1. (C.15)
N -point amplitudes can then be computed with 3 vertices with picture −1 to saturate the
background charge (σ) and (N − 3) vertices with picture 0.
In order to have a fully covariant formulation of this model, the composite B ghost introduced
by Berkovits in [25] can be used. Observe that for higher genus, B will enter through the picture
changing operator, so it agrees with the usual pure spinor prescription in which the B ghost
helps to saturate the number of fermionic fields (dα).
D The sectorized and ambitwistor pure spinor superstrings
The gauge (2.46) relies on the connection between the twistor-like constraints and the generators
of worldsheet reparametrization in the first order formalism, represented through the identifica-
tions displayed in (2.15). As mentioned earlier, the gauge Lα = Lˆαˆ = 0 would imply a degenerate
worldsheet metric. To see this, consider a different gauge fixing fermion of the form
Ξ =
ˆ
dτdσ{Ω¯Aτ + βχτ − rαwσα + ηαpσα − παLα + ˆ¯ΩAˆτ − rˆαˆwˆσαˆ + βˆχˆτ + ηˆαˆpˆσαˆ − πˆαˆLˆαˆ}, (D.1)
thus implementing the singular gauge. The gauge fixed action can then be shown to be
S˜ =
ˆ
dτdσ{Pm∂τXm + wα∂τλα + pα∂τξα + πα∂τθα + rα∂τsα + ηα∂τ ǫα +Aσ∂τB}
+
ˆ
dτdσ{wˆαˆ∂τ λˆαˆ + pˆαˆ∂τ ξˆαˆ + πˆαˆ∂τ θˆαˆ + rˆαˆ∂τ sˆαˆ + ηˆαˆ∂τ ǫˆαˆ + Aˆσ∂τ Bˆ}
+
ˆ
dτdσ{Σ∂τχσ + Ω¯∂τΩ+ β∂τγ + Σˆ∂τ χˆσ + ˆ¯Ω∂τ Ωˆ + βˆ∂τ γˆ}. (D.2)
The problem with this action is a residual gauge symmetry (aside from the pure spinor
symmetries) of the form δτ → f(τ), a reparametrization of the worldsheet time coordinate.
Therefore, the singular gauge proposed in [21] does not completely fix the gauge symmetries of
the action (2.18).
There is, however, another interesting singular gauge. Consider now the gauge fixing fermion
Ξ =
ˆ
dτdσ{Ω¯Aτ + βχτ − rαwσα + ηαpσα + ˆ¯ΩAˆτ − rˆαˆwˆσαˆ + βˆχˆτ + ηˆαˆpˆσαˆ}
−
ˆ
dτdσ{πα[Lα − (γ
mΛ)α
(Λλ) (Pm + T ∂σXm)] + πˆαˆ[Lˆαˆ +
(γmΛˆ)αˆ
(Λˆλˆ)
(Pm − T ∂σXm)]}, (D.3)
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which differs from (2.47) by a sign in the last term. In an analogy with the first order Polyakov
action (2.7), this gauge can be interpreted as e+ = −e− = 1, cf. (2.15)2. In terms of the
worldsheet metric, (2.6), this gauge is equivalent to gττ = 0. The gauge fixed action, after the
addition of a BRST expression, similarly to what is described in subsection (2.5), can be written
as
S˜ =
ˆ
dτdσ{Pm∂−Xm + wα∂−λα + pα∂−ξα +A∂−B + wˆαˆ∂−λˆαˆ + pˆαˆ∂−ξˆαˆ + Aˆ∂−Bˆ}
+
ˆ
dτdσ{πα∂−θα + rα∂−sα + ηα∂−ǫα + πˆαˆ∂−θˆαˆ + rˆαˆ∂−sˆαˆ + ηˆαˆ∂−ǫˆαˆ}
+
ˆ
dτdσ{Σ∂−χ+ Ω¯∂−Ω+ β∂−γ + Σˆ∂−χˆ+ ˆ¯Ω∂−Ωˆ + βˆ∂−γˆ}, (D.4)
and all the worldsheet fields satisfy the equation of motion ∂− = 0, constituting a chiral model.
Furthermore, following the procedure described in subsection (2.6), the resulting action is given
by
S =
ˆ
dτdσ{Pm∂−Xm + wα∂−λα + pα∂−θα + wˆαˆ∂−λˆαˆ + pˆαˆ∂−θˆαˆ}, (D.5)
which corresponds to the sectorized string introduced in [28]. The two chiral components of the
BRST current can be cast as
J = λαpα − 14T (λγmθ)(Pm + T2 ∂+Xm) + 132T (λγmθ)(θγm∂+θ), (D.6a)
Jˆ = λˆαˆpˆαˆ − 14T (λˆγmθˆ)(Pm − T2 ∂+Xm)− 132T (λˆγmθˆ)(θˆγm∂+θˆ). (D.6b)
As a consequence of the singular gauge choice, the string tension disappears from the action
(D.5), although it is still present in the BRST current. Note also that the spacetime spinors can
be made dimensionless via a scale transformation of the form
λα → T 1/2λα, θα → T 1/2θα,
wα → T −1/2wα, pα → T −1/2pα,
(D.7)
and similarly for the hatted fields.
Now, the model has a well defined tensionless limit and the BRST currents (D.6) are given
by
J = λαpα − 14(λγmθ)Pm, (D.8a)
Jˆ = λˆαˆpˆαˆ − 14(λˆγmθˆ)Pm, (D.8b)
which correspond to the ambitwistor pure spinor superstring [29], in agreement with the results
of [30].
The heterotic sectorized or ambitwistor strings in the pure spinor formalism are obtained in
a similar way. Worldsheet reparametrization and only one of the twistor-like constraints has to
2I would like to thank Thales Azevedo for observing this is the gauge choice leading to the bosonic sectorized
model.
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be taken into account in building the master action (2.37). Apart from that, the gauge fixing
procedure should be very similar.
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